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Abstract 
Let X be the edges of the complete graph K, on n vertices, provided with the natural action of 
S,, the automorphism group of K,. A t-wise balanced esign (X,.8) with parameters t-((~), K, )J 
is said to be 9raphical if.~ is fixed under the action of S,. We show that for any pair (t, 2) with 
t > 1 or 2 odd, there cannot exist a non-trivial graphical t-((~), K,)J design with n ~> 2t + 2 + 4. 
Thus, in particular, for each such pair (t, 2) there are only a finite number of non-trivial 
graphical t-(v, K, 2) designs. If we further assume no repeated blocks, then for all cases with t > 1 
or )~ ~ 2, there do not exist non-trivial graphical t-((g), K, 2) designs with n >~ 2t + 2 + 4. 
1. Basics about graphical tBDs 
A pair  (X, .~) is a t-wise balanced esign of type t-(v, K,  2) if ~ = (B/: i ~ I ) is a family 
of subsets of X, called blocks, such that ( i ) [X I  = v is a natural  number: 
(ii) 1 ~< t ~< IBi le K for all i e I; and (iii) if T _~ X such that ] T I = t, there are exactly 
2 indices ie  I such that T _~ Bi. The design in called non-trivial if both t(:_K and for 
each k e K, :~ does not contain all of the k-subsets of X. 
Graphica l  t-designs have been investigated in recent papers such as [-1,3], a l though 
they are referred to as mot ivat ion in older papers such as [-4]. The l iterature 
for graphical  t-wise balanced designs which are not necessarily t-designs (i.e., which 
may have IK] > 1), is more limited, but in [-2], all graphical  tBDs with )~ = 1 or 2 
were found. In that paper, it was specifically shown that with the exception of one 
infinite family of 1 -  ( (~) ,n -  1,2) designs, there are only a finite number of in- 
equivalent non-tr iv ial  graphical  tBDs with 2 = 1 or 2 and no repeated blocks. 
(Graphical  designs are equivalent if they can be obtained from one another by 
a correspondence of vertices.) It remains an open question whether there are only 
a finite number of inequivalent non-tr ivial  graphical  tBDs with no repeated blocks for 
other values of )L. 
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In this note, we will provide an affirmative answer to a related but weaker question. 
If V is a set of vertices of a graph, we use (v) for the set of all edges on these vertices, 
and Sv and Av for the symmetric and alternating groups on V, which act on the graph. 
Our starting point will be Theorem 2.1 from [2], which we restate here: 
Theorem 1.1. Let (X, 9~) be a graphical tBD, X = (v), and T a t-element subset of X. 
Assume T ~_ BG~ and for i = 1, ... ,2, let ~iGSv such that ~iT ~- B. Then either 
~iB = B for some i or ~T i B = ~tT i B for some i ~ j. 
The proof in [-2] used neither of the assumptions there that designs were non-trivial 
and that they did not contain repeated blocks. Our main tool will be the following 
easy corollary of this theorem: 
Lemma 1.2. Let (X, ~)  be a graphical tBD, X = (v), and T be a t-element subset of X. 
Let G be a subgroup of Sv which fixes T as a set. I f  B G ~ such that T ~_ B, then B is 
fixed by a subgroup of G of index <<, 2. 
Clearly, for positive integers 2, t, and p such that t < (2P), there is a trivial (using 
repeated blocks if 2/> 2) graphical tBD of type t-((~), t, 2). There are other trivial 
designs as well. Thus, for the rest of this paper, we assume all tBDs are non-trivial. The 
next lemma is obvious since the block size is limited, and no block can be repeated 
more than 2 times. 
Lemma 1.3. For positive integers t and 2, if there exists an upper bound on the size of 
n for which there exists a graphical tBD of type t-((~), K, 2) (K variable), then there exist 
only a finite number of equivalence classes of graphical t-(v, K, 2) designs as v and K vary. 
2. The main result 
Theorem 2.1. For fixed positive integers 2 and t with t vL 1 or 2 odd, i fn/> 2t + 2 + 4, 
then there does not exist a graphical t-((~), K, 2) design. In particular, for such t and 
2 there are only finitely many graphical t-((~), K, 2) designs. 
Proof. Let V be an n-element set, and let (X, ~)  be a graphical t-((~), K, 2) with 
X = (v). If T is a t-element subset of X and B is a block containing T, then viewing 
T as a graph on V, let W be the set of isolated vertices of T. Note Aw fixes T, is 
transitive on (w), and if[W[ > 4, Aw has no proper subgroup of index less than [W [. 
Thus if [ W [ > max(4, 2), then Aw must fix B, by Lemma 1.2. In particular, if W 
contains both vertices of an edge in B, then the complete graph Kw on W is contained 
in B. 
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By Lemma 1.3 the second statement in the theorem follows from the first. Assume 
n ~> 2t + )~ + 4. We break the situation down into two cases: 
Case 1: t ~> 3. Start with T '  containing r disjoint edges and B a block containing T'. 
Then there is at least one more edge L in B, and this edge is disjoint from at least one 
edge L 'e  T'. Setting T = {L}wT'\ ,{L'  I, we have a t-set T in B, and also in B, an edge 
L' disjoint from T. The first paragraph of the proof applies, thus B contains the 
complete graph Kw on W. Now pick any two vertices in V. If the edge L0 joining them 
is in Kw, it is in B. Otherwise, there exist at most two edges in T'  incident to those 
vertices, and at least 6 edges in Kw not incident o those two vertices, of which at most 
one, L', can be in T'. Thus there is a t-set T" in B, disjoint from the two vertices, 
consisting of 2 edges from Kw\T '  and all but 2 edges from T', and an edge L" ~ T' 
(one of the deleted edges) disjoint from the edges in T". Repeating the process with 
W being the isolated vertices of T" shows that L0 ~ B, so B = X, and the design is 
trivial, which is not allowed. 
Case 2: t = 1 or 2. Suppose V = {PI , I°2, . . . ,Pn},  and note the process used in 
Case 1 works if we can show the existence of a block B containing a t-element set T 
disjoint from an edge L in B. If this does not happen, and t = 1, let B be a block 
containing the edge P1P2. B must contain another edge incident to this, say, P1 P3. 
Set W = V \[ P1 P2 } and again apply Lemma 1.2 with the group Aw. We get P 1P c B 
for all P ~ W, and no other edge can be in B without being disjoint from one of these. 
This gives the 'star-graph design' discussed in [2], whose blocks are all the complete 
bipartite graphs of the form Kl .n-  1. This design has 2 = 2, and using repeated blocks 
we can get other even values of 2. If t = 2, let B be a block containing the 2-set 
[P tP2 ,  P3P4}. To avoid a t-set and a disjoint edge, B must contain an edge such as 
P IP3  . But then letting T={PIP2 ,  P~P3}, and W= [P,~,P5 . . . . .  P,I, we get 
P3 P5 ~ B, so B contains the 2-set { P3P4, P3 P5 } and the disjoint edge P1 P2. As before, 
B = X and the design is trivial. []  
Obviously, had we chosen to assume no repeated blocks in our hypotheses, we 
would have had a finite number of graphical t-wise balanced designs for any pair of 
parameters (t,).) except (t, 2) = (1,2). Also, in view of the result in this paper, the open 
question mentioned in Section 1 can be restated as below. 
Question. For 2 > 2, does there exist an upper bound on the size of t for which there 
exists a non-trivial graphical tBDs without repeated blocks? 
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